The process of invasion of tissue by cancer cells is crucial for metastasis À À À the formation of secondary tumours À À À which is the main cause of mortality in patients with cancer. In the invasion process itself, adhesion, both cellÀcell and cellÀmatrix, plays an extremely important role. In this paper, a mathematical model of cancer cell invasion of the extracellular matrix is developed by incorporating cellÀcell adhesion as well as cellÀmatrix adhesion into the model. Considering the interactions between cancer cells, extracellular matrix and matrix degrading enzymes, the model consists of a system of reactionÀdi®usion partial integroÀdi®erential equations, with nonlocal (integral) terms describing the adhesive interactions between cancer cells and the host tissue, i.e. cellÀcell adhesion and cellÀmatrix adhesion. Having formulated the 719 model, we prove the existence and uniqueness of global in time classical solutions which are uniformly bounded. Then, using computational simulations, we investigate the e®ects of the relative importance of cellÀcell adhesion and cellÀmatrix adhesion on the invasion process. In particular, we examine the roles of cellÀcell adhesion and cellÀmatrix adhesion in generating heterogeneous spatio-temporal solutions. Finally, in the discussion section, concluding remarks are made and open problems are indicated.
Introduction
The ability of cancer cells to invade adjacent tissue is a key process in the growth of most cancers. This is a necessary step in the formation of metastases, i.e. the spread to distant, secondary locations, distinct from the primary mass. Indeed, metastases (secondary tumours) are responsible for 90% of deaths due to cancer. 39 Although both are highly complex processes, with their genetic and biochemical control mechanisms still not fully understood, at the level of cells and tissues, the two processes of invasion and metastasis are closely linked and have been classi¯ed together as one of the so-called \hallmarks of cancer". 21 Cancer invasion consists of several important steps involving the interplay between the cells themselves and their microenvironment 24 : reduction in or loss of cellÀcell adhesion, enhanced cancer cell adhesion to the extracellular matrix, secretion of matrix degrading enzymes leading to extracellular matrix degradation, and the movement or migration of the cancer cells coupled with their proliferation. Cellular adhesion is the binding of one cell to another cell or to a surface or matrix. Cellular adhesion is regulated by speci¯c cell-surface receptors and corresponding adhesion molecules (also known as ligands or counter-receptors) that interact with molecules on the opposing cell or surface. Cancer cells experience both adhesion to themselves, i.e. self-adhesion or cellÀcell adhesion, and adhesion to components of the extracellular matrix (e.g. collagen,¯bronectin, vitronectin) i.e. cellÀmatrix adhesion.
In general, cell movement through tissue may involve several di®erent mechanisms. However, the two most important types of movement for invading cancer cells are di®usion (no preferred direction) and directed motion, with the latter usually dominating. Directed movement of cancer cells through the extracellular matrix (ECM) is possible due to the breakdown of ECM components, with the cancer cells generally secreting the enzymes which degrade one or more of the ECM constitutive proteins. Through a combination of proliferation and migration the cancer cells then invade and spread into the ECM. Excellent reviews of cancer growth and development in general and cancer invasion and metastasis in particular can be found in Hanahan and Weinberg 21 and Friedl and Wolf, 16 respectively. A comprehensive description of cancer development, growth and spread may be found in the book of Weinberg. 44 In the last 10À15 years or so, there has been an increasing interest shown in the mathematical modelling of cancer invasion. Previous work in this area may be found in Refs. 1, 2, 8, 10, 11, 17, 18, 23, 30À32, 38, 40 and 41. Many of these models examine the local spread of cancer cells using systems of partial di®erential equations where the cancer cell migration is governed by di®usion, and the directed response of the cells to extracellular matrix (ECM) gradients, i.e. haptotaxis. The ECM gradients are created when the ECM is degraded by the matrix degrading enzymes (MDEs) secreted by the cancer cells. As may be expected from such reactionÀdi®usionÀtaxis systems, solutions involving an invading front of cancer cells arise and from these one can obtain an indication of the rate of invasion of the cancer cells and the depth of penetration into the ECM. Some papers have adopted a hybrid discrete-continuum approach enabling the tracking of individual cancer cells. 1, 2 Other papers have considered an individual-based modelling framework and developed a multi-scale model 33, 34 enabling both intracellular dynamics as well as cellÀcell interactions to be modelled explicitly.
However, recent work by Gerisch and Chaplain 19 and Sherratt et al. 38 (following the work of Armstrong et al.
3 ) has considered a cancer cellÀcell adhesion term in a continuum model for the¯rst time. These models formulated the problem using nonlocal integral terms for both cellÀcell and cellÀmatrix adhesion and the concepts of adhesive°ux and cell sensing radius. Being a generalisation of reactionÀ di®usionÀtaxis systems, these models exhibit qualitatively similar solutions of cancer cell density pro¯les invading the ECM. However, the introduction of the cellÀcell adhesion term had the principal e®ect of slowing down the invasion rate of the cancer cells. Indeed, for a given value of the cellÀmatrix adhesion parameter, it was possible to show computationally that a large enough cellÀcell adhesion parameter could be chosen so as to localise the cancer and prevent invasion completely (a result also obtained by Sherratt et al. 38 ). For certain parameter values, Gerisch and Chaplain 19 also found stationary heterogeneous solutions. In this paper we adopt the approach of Gerisch and Chaplain 19 and derive a nonlocal, integroÀdi®erential PDE model of cancer invasion describing the spatio-temporal dynamics of cancer cells, extracellular matrix and matrix degrading enzymes. The main aims of the paper are to provide some analytical results concerning the nature of the solutions of such non-local PDE models and to examine computationally the roles of cellÀcell and cellÀmatrix adhesion in some detail. The computational simulation results show that a range of heterogeneous invasive behaviour can be observed depending on the interplay between the two adhesion parameters, cellÀcell and cellÀmatrix. The structure of the paper is as follows. In Sec. 2, we present our mathematical model and make some remarks concerning the non-local terms. In Sec. 4, we prove existence, uniqueness and boundedness of the solutions to our system of equations and then in Sec. 5 we undertake computational simulations of the model to investigate the solution behaviour for a range of parameter values and to examine the relative e®ects of the key parameters of the model. In the¯nal section, concluding remarks are made.
The Mathematical Model
Our model consists of three dependent variables: cancer cell density, c, extracellular matrix density, v, and matrix degrading enzymes, m, and we derive a system of (parabolic) reactionÀdi®usion-type equations governing the spatio-temporal evolution of these variables. We note that other approaches to modelling such a system are possible, including hyperbolic models 14 and biomechanical models. 9 Indeed adopting a biomechanical approach based on continuum mechanics may even lead to a system of equations which are qualitatively di®erent from that which we propose below. 29 Another alternative approach is to consider individual-based models, which may also take into account the biomechanical properties of cells. 33, 34 We assume that the cancer cells migrate into the extracellular matrix through a combination of di®usion and haptotaxis as well as undergoing proliferation. Although it may be more accurate and closer to biological reality to consider nonlinear (degenerate) di®usion, 13, 36, 37, 46 for simplicity we assume linear di®usion. For the invasive process that we are modelling here, we believe that di®usion is not a dominant transport term and we have a correspondingly small di®usion coe±cient (see Sec. 4.2 for details). In addition, we assume that there is also cellÀcell adhesion which acts in an opposite manner to the haptotaxis. Following Gerisch and Chaplain 19 we consider non-local interaction terms accounting for both adhesions. Therefore, we start from the following system of integroÀdi®erential equations (in non-dimensional form À À À see Sec. 4):
where the second and third terms on the right-hand side of the equality (2.1) 1 de¯ne the adhesive°uxes for cellÀcell adhesion and cellÀmatrix adhesion, respectively, i.e. where & R n , k i are n-dimensional vectors (kernels), and D 1 , , , D 3 , , are positive parameters denoting the cancer cell di®usion coe±cient, cancer cell proliferation rate, extracellular matrix degradation rate, matrix degrading enzyme diffusion coe±cient, matrix degrading enzyme production rate and matrix degrading enzyme degradation rate, respectively.
The system (2.1) may be written in the following, more general form: 38 and Gerisch and Chaplain 19 ) and the function cg 3 ðvÞ describes the rate of enzyme production in response to extracellular-matrix density.
We note that for an appropriate kernel, the non-local operator (2.4) approximates the gradient. Indeed, in the case of ¼ R n , instead of k (both k 1 and k 2 ) we set k " :
ð2:8Þ
and for every 0 < " < 1,
It is easy to see that suchk " can be chosen as a characteristic function supported on ½0; ". For such ak " we formally obtain k "~u ! ru as " ! 0: ð2:11Þ
In fact, using the Taylor expansion up to the¯rst order, we obtain
as " ! 0.
Mathematical Analysis
We consider the system (2.5)À(2.7) in ð0; 1Þ Â , where is a bounded domain in R n with smooth boundary @. This system is subject to the boundary conditions Here, G½c; v is a general non-local mapping modelling the adhesion velocity due to both cellÀcell and cellÀmatrix adhesions. The following assumptions on the function where ! is any¯xed non-negative function such that !ðxÞ ¼ 0 for x 2 @.
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We assume that For further analysis it is convenient to transform system (2.5)À(2.7) to the following
ð3:14Þ
ð3:16Þ
Next we consider the operators which holds for any u 2 X where k and a are positive constants and
where k 0 is a positive constant. We recall also that
; r 2 ð0; 1Þ; ð3:21Þ
where H 2 p ðÞ is the Bessel potential space. 42 We notice also that H Proof. The existence of a local-in-time solution is based on the Banach contraction theorem. We¯rst denote E ¼ X Â W 1;p ðÞ Â X and for a¯xed T > 0 which will be speci¯ed later, we de¯ne the space
equipped with the norm jjyjj E ¼ maxfjjy 1 jj X ; jjy 2 jj W 1;p ðÞ ; jjy 3 jj X g for y ¼ ðy 1 ; y 2 ; y 3 Þ 2 E . Notice that due to (3.8), (3.12) and the embedding (3.21) with (3.20) , the terms on the right-hand side of (3.14)À(3.16) de¯ne mapping 
where K % depends on % and on jjg 0 2 jj W 1;1 ð0;U Þ with U > 0 depending on %: Next, we de¯ne mapping È :
e ÀA c ðtÀsÞ F 1 ðcðsÞ; vðsÞÞds
e ÀA m ðtÀsÞ F 3 ðcðsÞ; vðsÞÞds:
ð3:27Þ
We note that
belongs to the space C ð½0; T : W 1;p ðÞÞ. Denoting y 0 ¼ ðc 0 ; v 0 ; m 0 Þ 2 E , we take R > 0 large enough such that maxfjjc 0 jj X ; jjm 0 jj X g < R 2k 0 where k 0 has been de¯ned in (3.19) and jjv 0 jj W 1;p ðÞ <
It follows that there exists M R such that sup y2V T jjFðyÞjj E < M R . We shall show that for T small enough È maps V T into itself. Indeed using (3.18) and (3.19)
Similar arguments yield
We then conclude by choosing T such that and (3.21) and the regularity theory of parabolic equations that c is in fact the classical solution to (3.14) . The same conclusion can be drawn for m. Now the uniqueness of the solution follows from Gronwall's lemma. Next we infer from the maximum principle that c ! 0 on ½0; T max Þ Â . Notice that v may be expressed in the form
and thus it is a non-negative function. Now it follows from (2.7) that also m ! 0 by the maximum principle. In order to prove that the solution is global in time, i.e. T max ¼ 1 we come back to the divergence form in the¯rst Eq. (2.5) and integrate it on . Using (3.1), (3.2) and then (3.11) we obtain for t 2 ½0;
Hence, by Gronwall's lemma we infer that 
L G ðK c þ jjv 0 jj 1 jjÞ: ð3:40Þ
Next we consider the elliptic operator (3.14) which can be rewritten in the following form In this section numerical simulations of the non-local invasion model in the onedimensional case are presented. Recall the system (2.1):
where for the cancer cells we have assumed a logistic proliferation function (including competition for space) with proliferation rate , a reference tumour density c 0 and extracellular matrix density v 0 . G½c; v is the general multi-component adhesion velocity proposed by Gerisch and Chaplain. 19 The extracellular matrix is degraded at rate upon contact with the degrading enzymes; these are produced at rate when the cancer cells come into contact with the matrix and decay with rate .
In order to solve our system of Eqs. We de¯ne the non-dimensional variables:
and new parameters via the following scaling:
Henceforth we omit the tildes for notational simplicity, so our non-dimensionalised system reads as follows: 
Following Gerisch and Chaplain 19 (see the change of variables in (2.12)), we take the adhesion velocity G½c; v to be:
ðkÞgðcðt; x þ ðkÞrÞ; vðt; x þ ðkÞrÞÞ!ðrÞdr;
where ðkÞ ¼ ðÀ1Þ k , k ¼ 0; 1 is the right and left unit outer normal, R is the so-called sensing radius, gðc; vÞ is a function representing cellÀcell and cellÀmatrix interaction and ! is a function describing how strong the adhesion velocity is in°uenced by points of the sensing region at x depending on their distance r from x. This function should, however, not alter the magnitude of the adhesion velocity. For this reason we require that ! is normalised in the sense that its integral over the sensing region is unity. Hence, we take
We note that with the above choice of the function !, the corresponding kernels k 1 and k 2 are discontinuous (cf. Armstrong et al., 3 Gerisch and Chaplain 19 ). The mathematical analysis of the previous section assumed a smooth kernel and therefore is appropriate for the smooth regularisation of !.
Finally, taking g½c; v ¼ S 11 c þ S 12 v, where S 11 is the cellÀcell adhesion coe±cient and S 12 is the cellÀmatrix adhesion coe±cient, we have our full non-dimensional system of equations: Given that the main aim of the computational simulations was to examine the relative importance of cellÀcell and cellÀmatrix adhesion, we varied the two parameters S 11 and S 12 over a range of values as follows:
cellÀmatrix adhesion coe±cient 0À0. 5 We note that the parameter values given above have been taken from a number of di®erent experiments and that many of the estimated parameters will have been measured in highly-controlled, laboratory conditions. Such experimental systems are very di®erent from the actual in vivo biological system which evolves over time. However, we note that novel experimental assays now exist which are aimed at quantifying cancer cell invasion of tissue, both in three-dimensional collagen gels and in mice. 27, 28 In future, such experimental systems may help determine more accurately the actual in vivo parameter values.
Simulation results
All model simulations were performed using the MATLAB r system. The numerical scheme follows the method of lines by¯rst discretising the non-local model in space, yielding an initial value problem for a large system of ordinary di®erential equations. This system is then solved using the time integration scheme ROWMAP, 45 implemented in a Fortran subroutine and called from MATLAB r . For the discretisation in space we use a second-order¯nite volume approach which makes use of°ux-limiting for an accurate discretisation of the taxis/adhesion term. A key to e±ciency for the spatial discretisation of the non-local model is an accurate approximation of the non-local term and its e±cient evaluation using FFT techniques. More details of the numerical scheme are outlined in Gerisch and Chaplain 19 and full details are given in Gerisch. 20 All our simulations were performed on a spatial domain ¼ ðÀ4; 4Þ, with periodic boundary conditions (in all the numerical experiments described below the boundary conditions had no signi¯cant e®ect on the solution). Initial conditions were the same for each simulation, i.e. an initial mass of cancer cells was placed near the origin, having already released some MDE that had degraded the ECM, i.e. cðx; 0Þ ¼ expðÀ100x 2 Þ; vðx; 0Þ ¼ 1 À cðx; 0Þ; mðx; 0Þ ¼ 0:5cðx; 0Þ: Figure 1 shows the plots of the solution pro¯les of the cancer cell and ECM density and MDE concentration at times t ¼ 10; 20; 30; 40 from a simulation of the invasion model. In these simulations, the cellÀcell adhesion parameter S 11 has a value S 11 ¼ 0:01, while the cellÀmatrix adhesion parameter S 12 takes the value S 12 ¼ 0:02. As can be seen from the plots, as time increases the cancer cells invade further into the matrix in the manner of a \standard" advancing front.
We now consider the e®ect of increasing the cellÀmatrix adhesion parameter S 12 . Figure 2 shows the plots of the solution pro¯les of the cancer cell and ECM density and MDE concentration at times t ¼ 10; 20; 30; 40 where the cellÀcell adhesion parameter S 11 ¼ 0:01, while the cellÀmatrix adhesion parameter S 12 has been increased and now takes the value S 12 ¼ 0:5. Once again, as can be seen from the plots, as time increases the cancer cells invade further into the matrix. However, in contrast to the cancer cell pro¯les of Fig. 1 , the cancer cell pro¯les here are more heterogeneous. As time increases, behind the leading front of invading cells, cancer cell proliferation¯lls the gap created through degradation of the ECM. Figure 3 shows the plots of the solution pro¯les of the cancer cell and ECM density and MDE concentration at times t ¼ 10; 20; 30; 40 where the cellÀcell adhesion parameter has been increased from its previous value of 0:01 and is now taken to be S 11 ¼ 0:05. The cellÀmatrix adhesion parameter S 12 remains unchanged from the previous value S 12 ¼ 0:5. Once again, as can be seen from the plots, as time increases the cancer cells invade further into the matrix. However, the cancer cell pro¯les here are yet more heterogeneous than both the previous¯gures.
Next we consider the case where we have a large cellÀcell adhesion value and a small cellÀmatrix adhesion value. Figure 4 shows the plots of the solution pro¯les of the cancer cell and ECM density and MDE concentration at times t ¼ 10; 20; 30; 40 where the cellÀcell adhesion parameter has been increased to be S 11 ¼ 0:5. The cellÀmatrix adhesion parameter S 12 has been decreased to a value S 12 ¼ 0:01. As can be seen from the plots, as time increases the increased value of S 11 prevents the cancer cells invading into the matrix. However, a small fragment of cancer cells does \break o® " from the main cancer cell mass which is localised near the origin, but because of the high cellÀcell adhesion does not manage to penetrate deeply into the matrix and itself remains localised around x ¼ 0:3.
In the next set of¯gures we consider a case where the cellÀcell and cellÀmatrix adhesion parameters take an equal value of 0.1, i.e. S 11 ¼ S 12 ¼ 0:1. Figure 5 shows the plots of the solution pro¯les of the cancer cell and ECM density and MDE concentration at times t ¼ 10; 20; 30; 40. As can be seen from the plots, as time increases, a small fragment of cancer cells does \break o® " from the main cancer cell mass localised near the origin, but this time manages to continue to invade the ECM as a localised mass, perhaps modelling the initiation of metastatic spread.
Finally we consider two scenarios where the parameters S 11 and S 12 are timedependent in such a way as to model the e®ect of an increasingly malignant and aggressive invading cancer. It is known that as a cancer progresses and becomes more malignant, successive mutations cause a reduction in cellÀcell adhesion and an increase in cellÀmatrix adhesion. Therefore we consider S 11 to be a monotonic decreasing function of time and S 12 a monotonic increasing function of time. Figure 6 shows the plots of the solution pro¯les of the cancer cell and ECM density and MDE concentration at times t ¼ 10; 20; 30; 40 where S 11 ¼ 0:01 þ 0:49 expðÀ0:01t 2 Þ (i.e. S 11 decreases from a maximum value of 0:5 to 0:01) and S 12 ¼ 0:2. As can be seen from the plots, the cancer cells invade the ECM in a manner which consists of aspects from all the previous simulations. Figure 7 shows the plots of the solution pro¯les of the cancer cell and ECM density and MDE concentration at times t ¼ 10; 20; 30; 40 where S 11 ¼ 0:01 þ 0:49 expðÀ0:01t 2 Þ (i.e. S 11 decreases from a maximum value of 0:5 to a minimum value of 0:01) and S 12 ¼ 0:5 À 0:45 expðÀ0:01t 2 Þ (i.e. S 12 increases from a minimum value of 0:05 to a maximum value of 0:5). As can be seen from the plots, the cancer cells invade the ECM in a manner in a more heterogeneous manner than in the previous¯gure.
Overall, the computational simulation results show that a range of heterogeneous invasive behaviour can be observed by varying the two adhesion parameters S 11 and S 12 .
Discussion
In this paper, we have developed a mathematical model of cancer cell invasion of tissue. The main focus of the paper was to examine the relative e®ects of cellÀcell adhesion and cellÀmatrix adhesion on the invasion process. In order to achieve this, we formulated a minimal mathematical model using a system of nonlinear, non-local partial integroÀdi®erential equations describing the spatio-temporal dynamics of cancer cells, matrix degrading enzyme and extracellular matrix (tissue). CellÀcell adhesion and cellÀmatrix adhesion were modelled using non-local terms following the approach of Armstrong et al. 3 and Gerisch and Chaplain. 19 Certain analytical results were proved and computational results of numerical simulations of our system were given.
Having formulated our model in Sec. 3, in Sec. 4, we presented a mathematical analysis of our model and proved certain existence, uniqueness and smoothness results concerning the solutions of this system. First we proved the existence of localin-time solutions using the Banach contraction mapping theorem and uniqueness of solutions using certain di®erential inequalities and Gronwall's lemma. Finally, using Gronwall's lemma and the MoserÀAlikakos method, we proved that our solution is bounded and global in time.
In Sec. 5, we presented the computational results of numerical simulations of our model, in particular examining the relative e®ects of two key parameters of the model, S 11 and S 12 , the cellÀcell adhesion coe±cient and the cellÀmatrix adhesion coe±cient, respectively. The computational simulation results showed a range of spatio-temporal behaviour depending on the relative sizes of S 11 and S 12 . These behaviours may be classi¯ed as follows:
(1) The cancer cells invade the tissue relatively slowly in a non-aggressive manner, with the extracellular matrix being degraded by the enzymes (see Fig. 1 ). This occurs when both the cell-cell and cell-matrix adhesion are relatively small (S 11 ¼ 0:01 and S 12 ¼ 0:01) and represents the fact that the cancer cells have not developed strong enough cell-matrix adhesions and so remain rather localised; (2) The cancer cells invade the tissue more quickly with a slightly more heterogeneous pro¯le, again with the extracellular matrix being degraded by the enzymes (see Fig. 2 ). This occurs when the cell-cell adhesion is relatively small and the cell-matrix adhesion is relatively large (S 11 ¼ 0:01 and S 12 ¼ 0:5). This represents the fact that the cancer cells have developed stronger cell-matrix adhesions and have become more aggressive; (3) The cancer cells invade the tissue quickly with a highly heterogeneous pro¯le (see Fig. 3 ). This occurs for a slightly increased value of the cell-cell adhesion (compared with Figs. 1 and 2 ) and a relatively large value of cell-matrix adhesion (S 11 ¼ 0:05 and S 12 ¼ 0:5). (4) The invasion is almost stopped and the cancer cells remain localised around their initial conditions; the tissue is slowly degraded by the enzymes (see Fig. 4 ). This occurs for a large value of the cell-cell adhesion parameter and small value of the cell-matrix adhesion parameter (S 11 ¼ 0:5 and S 12 ¼ 0:01) and represents the situation where the cancer cells have not been able to break their strong cell-cell adhesion bounds and therefore are not able to invade e±ciently; (5) An invasive fragment of cancer cells breaks away from the central mass and invades in a metastatic manner (Fig. 5) . This occurs when the cell-cell and cellmatrix adhesion parameters are equal but relatively strong (S 11 ¼ 0:1, S 12 ¼ 0:1); (6) A combination of these e®ects is obtained by varying the parameters S 11 and S 12 with time (Figs. 6 and 7), which is generally the case during cancer development and models the tendency of a cancer to become increasingly malignant and aggressive over time.
In general the results from the computational simulations show that an increased value of the cellÀcell adhesion parameter results in a more heterogeneous pattern of invasion whereas an increased value of the cellÀmatrix adhesion parameter results in a faster invasion. These results are in qualitative agreement with previous studies and models. 6, 7, 15, 25 The scenario that probably re°ects the biological reality the best is where the cellÀcell and cellÀmatrix adhesion parameters change dynamically over time (Figs. 6 and 7) . Therefore experiments which could precisely measure these e®ects would be useful to aid in understanding the malignant progression of a cancer. 27, 28 Future work may consider developing a multi-scale version of the current model. It is clear that events at the sub-cellular and cellular level in°uence events at the tissue scale, which is where the focus of the current paper lies. We could therefore aim to extend the current model by adopting the approach of Marciniak-Czochra and Ptashnyk 26 and try to incorporate sub-cellular and cellular information (e.g. data concerning E-cadherin, -catenin levels 33, 34 ) into our cellÀcell adhesion parameter S 11 . Using this modelling approach it would also be possible to incorporate data concerning interactions between integrins (on the cell surface) and extracellular matrix components into the cellÀmatrix adhesion parameter S 12 .
